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In this article, a.o. the proof of the following equility is finished with help
of an earlier article.

E
(
LR(HP )−1

)
= P(LR(HD) > 0) (1)

Explanation of this equility:
Here HP and HD are linked with some null-hypothesis HP together with an
alternative hypothesis HD (an alternative hypothesis, so not always the), as
follows.
Suppose we have a set E and an unknown element from it, but such that
HP is true for that element. Then for all e ∈ E it holds that P(HP = e) :=
P(e|HP ). In words it is the probability that the unknown element is equal
to e given HP is true. A similar story holds for HD.
There is now only one further thing to say about the definition of these
hypotheses, namely

P(HP = e) > 0⇒ P(HD = e) > 0

otherwise in some cases problems are too easily solved.

For LR(HP ) = LR ◦ HP the LR is the Likelihood ratio, defined as

LR : E → R : e 7→ P (HP = e)/P (HD = e)

Then LR−1 is just switching the nominator and denominator.

Other main equilities of this article
Other main equilities of this article are a corrolary in combi with Jensen’s
inequility:

E(LR(HP )) ≥ 1/P(LR(HD) > 0) (2)

and another one, derived with help of another article:

E
(
LRx+1(HD)

)
= E

(
LRx(HP )

)
(3)

An application to the paternity case Suppose there is a child with an un-
known father and we do a DNA test. For simplicity we consider only one
particular gene with possible alleles a, b say. Suppose the child has alleles
aa.
For the population we consider, we assume it is so big that frequencies of al-
leles are meaningful. We denote pa and pb for the probability that a random
allel from a random person is a,b resp. and assume that pa, pb > 0.
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Now we take E the set of all men of the population and HP the random
variable belonging to the hypothesis HP that the man we consider is the
father.
For HD we take the hypothesis HD that the alleles of the man we consider
and those of the child are uncorrelated.

Then by genetic arguments:

P(HP = bb) = 0

P(HP = ab) = pb

P(HP = aa) = pa

and

P(HD = bb) = p2ap
2
b

P(HD = ab) = 2p3apb

P(HD = aa) = p4a

Now we can check that E
(
LR(HP )−1

)
= P(LR(HD) > 0) in this case,

where in the left side we sum over E where P(HP = e) 6= 0.

But what do both sides of the first equation mean in words for the paternity case?
At the left side, we let HP pick an element e at random but with the as-
sumption it is the father. If LR−1(e) is very low yet, it means that if e is
the father then it is much more likely that it is uncorrelated. This is not a
contradiction, but it does being unlikely.
At the right side we first let HD pick some element e at random and such
that the child and e are uncorrelated. Only if LR(e) = 0, we can exclude
that man being the father, otherwise there is support but no evidence. So
there is a probability that we cannot exlude a random taken man being a
father, and that is exactly the right side.

Formulas for E(LR(HP )) and V ar(LR(HP ))?
Pairwise relationships can be described by parameters κ := (κ0, κ1, κ2).
Here κi is the probability that a pair share i alleles as consequence of descent
(dutch: (erfelijke) afkomst). Examples:
for a father and child it holds that κ = (0, 1, 0), because it is for sure that a
child will inherit exactly one allel,
for twins it holds that κ = (0, 0, 1), because both alleles they have are in-
herited from the same allels of their parents.
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In these relationships, E is a set consisting of pairs e = (e1, e2) in which
e1, e2 are both possible allel pairs people can have, for a particular gene
considered; HP is the hypothesis for the relationship belonging to certain κ,
and HD is for the unrelated relationship, i.e. κ = (0, 0, 0). So P(HP = e)
denotes the probability that if a pair has relationship κ, then a first one has
allel-pair e1 and the second one has e2.

A main result is that if one chooses one such relationship as just descri-
bed, then the expectation of (LR(HP )) has a formula that only depends on
the number of allels of the gene we consider:

αL2 + βL+ (1− α− β)

with α =
κ22
2 , β =

κ21+4κ1κ2+2κ22
4 .

This also gives more information about the Random man not excluded pro-
bability, i.e. the reciprocal of the right side of equation (2). Another nice
fact is that within all relationships in which pairs don’t share two alleles by
descent, E(LR(HP )) is maximal for the paternity case κ = (0, 1, 0), conclu-
ded by maximazing the general formula for κ of the form κ = (κ1, κ2, 0).

For the variance of LR(HP ) there is no simpel, general formula, because allel
frequencies also play a role. By (3) however, there is one for V ar(LR(HD)).
If one takes x = 2 and x = 1, one gets it equal to E(LR(HP ))− 1.


